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Optimal Finite-Thrust Spacecraft Trajectories Using Collocation
and Nonlinear Programming

Paul J. Enright* and Brace A. Conwayt
University of Illinois at Urbana-Champaign, Urbana, Illinois 61801

A new method is described for the determination of optimal spacecraft trajectories in an inverse-square field
using finite, fixed thrust. The method employs a recently developed direct optimization technique that uses a
piecewise polynomial representation for the state and controls and collocation, thus converting the optimal con-
trol problem into a nonlinear programming problem, which is solved numerically. This technique has been
modified to provide efficient handling of those portions of the trajectory that can be determined analytically,
i.e., the coast arcs. Among the problems that have been solved using this method are optimal rendezvous and
transfer (including multirevolution cases) and optimal multiburn orbit insertion from hyperbolic approach.

Introduction

H ISTORICALLY, research into the optimization of fi-
nite-thrust spacecraft trajectories has fallen into two cat-

egories. Indirect methods require the derivation of the neces-
sary conditions for optimality using calculus of variations
techniques and result in a two-point boundary value problem
(TPBVP), which typically needs to be solved numerically.
Direct methods, on the other hand, approximate the con-
tinuous problem with a parameter optimization problem, usu-
ally requiring mathematical programming for solution. This
reduction can involve parameterization of the control varia-
bles only, in which case the state trajectory is explicitly inte-
grated (direct shooting), or the states and controls can both be
parameterized, requiring some sort of implicit integration
scheme to satisfy the equations of motion.

The application of the standard variational optimal control
techniques (the indirect method) to the finite-thrust spacecraft
trajectory problem results in the primer vector formulation of
Lawden.1 The resulting TPBVP can be difficult to solve
because of sensitivity problems. Kelley2 solved the TPBVP us-
ing his method of gradients. Melbourne and Sauer,3 Han-
delsman,4 Kern and Greenwood,5 Hazelrigg and Lion,6 and,
more recently, Redding and Breakwell7 used shooting meth-
ods to solve the TPBVP. McCue8 used quasilinearization. All
of these methods require fairly accurate initial estimates of the
solution for convergence. These are derived by extrapolation
from known impulsive solutions. A different approach to
solving the indirect formulation TPBVP was taken by Dick-
manns and Well,9 who used a collocation method employing
piecewise Hermite cubics. This method avoids the inherent
sensitivity of shooting methods and demands less accurate in-
itial guesses for successful solution.

Many different direct optimization techniques have been
proposed and attempted. Direct shooting uses a finite-
parameter representation of the control history and explicitly
integrates the state trajectory. In general, mathematical pro-
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gramming is required to optimize the control parameters to
minimize the cost and simultaneously satisfy terminal bound-
ary conditions. Sensitivity problems can arise, and many tra-
jectory integrations may be required during the optimization
process, which can be costly. A unique approach was taken by
Zondervan et al.,10 where a hybrid (direct/indirect) formula-
tion11 using nonlinear programming for solution was used to
solve some transfer problems. A purely direct approach was
described by Johnson,12 and later by Hargraves et al.,13 who
represented the control and state histories using Chebyshev
polynomials and used integral penalty functions to enforce the
equations of motion, thus converting the optimal control pro-
blem to a problem in unconstrained minimization, which is
solved numerically. A different direct approach for solving
optimal control problems uses Dickmanns's collocation
method with Hermite cubics9 to convert the optimal control
problem into a nonlinear programming problem. This is the
method used in the current study and is referred to as direct
collocation with nonlinear programming (DCNLP). Har-
graves and Paris14 used this method to solve several at-
mospheric trajectory optimization problems and installed it in
their trajectory optimization routine OTIS. This approach was
also described by Kraft,15 but the handling of the controls was
different from that of Hargraves and Paris,14 and no compu-
tational experience was related.

Direct Collocation with Nonlinear Programming
In the DCNLP approach, the trajectory is approximated by

piecewise polynomials, which are represented by state and
control values at a number of discrete points (nodes). For a
given state variable, the state trajectory over a given segment
between two nodes is taken to be the unique cubic that goes
through the endpoints of the segment with the appropriate de-
rivatives that are dictated by the evaluation of the differential
equations of motion at the endpoints. (This is the Hermite
cubic because it is determined by the states and their first de-
rivatives.) Following Hargraves and Paris,14 the control
history is taken to be linear across the segment. A collocation
point is taken at the center of the segment, where the deriva-
tive obtained from the Hermite cubic is compared to the deriv-
ative obtained from the evaluation of the equations of motion.
The difference is termed the defect9 and is a measure of non-
satisfaction of the equations of motion over the given seg-
ment, i.e., if the defect is zero, then the differential equation is
satisfied at the center collocation point as well as at the end-
points.

Let the system equations of motion be given by jc = /(JC,M),
where jc is the state vector, u the control vector, and (')
denotes differentiation with respect to time. Let the length (in
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time) of a particular segment be T. Then, the Hermite-
interpolated state vector at the center point is14

xc = (l/2)(*, + *,) + (778) [/(*,) - f(xr)] (1)

where *, and jcr are the state vectors at the left and right nodes
(Fig. 1). The linearly interpolated control vector is simply

Uc = (1/2X11; (2)

The derivative of the interpolating Hermite cubic at the center
point is

(3)

(4)

xc = -

The defect vector is then calculated as

d = f(xc,uc) - xc

If jc/, w/, xr, and ur are chosen such that the elements of d are
sufficiently small, the interpolating polynomials become an
accurate approximation to the solution of the differential eq-
tions of motion (implicit integration).

Now that the satisfaction of the differential equations of
motion has been parameterized, we can proceed to convert the
optimal control problem into a nonlinear programming prob-
lem. From the states and controls at the nodes, we can cal-
culate the objective function, the defects, and any problem
constraints (e.g., constraints on the initial and final states
and/or path constraints). If the final time is allowed to vary,
then the segment times are calculated by some fixed relation-
ship to the final time. The nonlinear programming routine is
used to minimize the objective, subject to the constraints that
all of the defects are acceptably small and all other problem
constraints are satisfied.

Application to Finite-Thrust Spacecraft Trajectories
For the current study of finite-thrust spacecraft trajectories,

the equations of motion, in two-dimensional polar form (Fig.
2), are

*! = x3 (5a)

x3 = - \/x\

X5 = X\/C

(5b)

(5c)

(5d)

(5e)

where x^s the radius from center of attraction, x2 the angle
from some reference direction, x3 the velocity component
along the radial direction, x4 the velocity component along the
horizontal direction, x5 the thrust acceleration, w r the thrust

vector angle, and c the effective exhaust velocity. Units are
chosen such that the gravitational parameter //. is 1.

The trajectory is first divided into a sequence of thrust arcs
(constant thrust) and coast arcs (no thrust). The thrust arcs are
further subdivided (evenly) into segments (Fig. 3). At each seg-
ment center, collocation defects are calculated from the states
and controls at the nodes and the duration of the thrust arc.
The coast arcs are not divided into segments because the solu-
tion over a coast arc can be determined analytically. Instead,
integrals of the motion (e.g., orbital elements) are calculated
from the state vectors at each end of the coast arc. If the end-
points are compatible, these integrals are unchanged. Thus, a
generalized defect is taken to be the difference between the in-
tegrals at the left and right nodes of the coast arc:

segment \
node 1

Fig. 1 Collocation using Hermite polynomials.

thrust

spacecraft

center of
attraction

reference line

Fig. 2 State and control variables.

thrust arc 1 coast arc thrust arc 2
time ————^

Fig. 3 Problem structure.
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R - 3
inrt thrust/mass = 0.1
exhaust velocity = 1.5
total detta-v = 0.3995
time of flight = 10.88

apoapse
thrust-arc

Fig. 4 Trajectory for optimal two-burn transfer.

where g/ is the /th generalized defect over the given coast arc,
Qt the /th integral of the motion, jc/ the state vector at the left
node of the arc, and xr the state vector at the right node of the
coast arc. If Jt, and xr are chosen such that the qi are accept-
ably small, then they are endpoints of the same Keplerian
coast arc.

For the two-dimensional thrust-free orbit equations [Eqs.
(5) with xs = 0], there are three such constants of the motion.
Angular momentum, energy, and longitude of periapse were
usually chosen. A fourth integral is provided by the simple re-
quirement that the thrust acceleration at the end of the thrust
arc, which precedes the coast arc, equals the thrust accelera-
tion at the start of the thrust arc, which follows (because no
mass is expelled during a coast arc). Using this scheme, the
four integrals become

(6a)

l/xi (6b)

CsW = *2 + tan-1 [-X3x4/(x$ - 1/xJ] (6c)

Q4(jc) = xs (6d)

The introduction of the generalized defects may greatly reduce
the number of segments required, thus greatly reducing the
dimensions of the nonlinear programming problem.

Nonlinear programming routines typically require the eval-
uation of the derivatives of the objective function and the con-
straints with respect to the variables. Hargraves and Paris14

used finite-difference approximations to these derivatives;
however, analytical expressions are easily obtained for the cur-
rent problem and are used exclusively. Derivatives of the col-
location defects involve chain-rule differentiation of the inter-
polation and equation of motion relationships, Eqs. (1-5). For
example, the derivative of a defect vector with respect to the
state vector at the node on the segment's left is given by

F(xc,uc)[I5/2 [3/(27)]/5
(7)

where F(x9u) denotes the 5 x 5 matrix, which results from dif-
ferentiation of the right side of the equations of motion f(x,u)
with respect to the state vector jc, and 75 is the 5 x 5 identity
matrix. Defect derivatives with respect to the right state vec-
tor, the left and right control vectors, and the thrust arc dura-
tion are calculated similarly. Derivatives of the generalized

defects are obtained by simply differentiating the integrals of
the thrust-free motion, Eqs. (6), with respect to the state vec-
tor. The objective function is usually taken to be the sum of
the thrust arc durations, and so its derivative is trivial. Finally,
any other problem constraints (except constraints expressed as
simple bounds) must be differentiated. These are usually con-
straints on initial or terminal orbital elements (path con-
straints can also be handled), and their derivatives are found
in a manner similar to that of the derivatives of the generalized
defects.

Structure and Solution of the
Nonlinear Programming Problem

The variables for the nonlinear programming (NLP) prob-
lem are the collected state vectors and control vectors at the
nodes and the thrust arc durations. These quantities are
assembled into the NLP state vector X:

XT = [x{, i/f, jcf, i#,...,*J, ul, tl9t2,...9tk] (8)

where n is the total number of nodes and k is the number of
thrust arcs on the trajectory. The defects, generalized defects,
and any other problem constraints are collected into the NLP
constraint vector C:

where gt is either the defect vector for the corresponding thrust
arc segment or the vector of generalized defects for the corre-
sponding coast arc, and w is a vector of additional problem
constraints.

To solve the NLP problem, a sequential quadratic program-
ming (SQP) method was employed.16 This is a Lagrangian
method that involves the solution of a sequence of quadratic
programming problems that approximate the full nonlinear
problem. The particular routine used is part of the Numerical
Algorithms Group (NAG) library17 and is essentially identical
to the NPSOL routine used by Hargraves and Paris.14 The
NAG routine is a FORTRAN subroutine, which must be
called by the user's program. The routine must be provided
with subroutines that evaluate the objective, the gradient of
the objective with respect to the states, the constraints, and the
Jacobian of the constraints with respect to the states. In addi-
tion, a user's main program must set up algorithm parameters,
problem dimensions, any linear constraints or simple bounds,
and initial conditions.

These routines were coded in Cray FORTRAN 77 on the
Cray X-MP/48 at the National Center for Supercomputing
Applications (NCSA) at the University of Illinois.

Solved Problems
Among the problems solved using this method were optimal

two-burn transfer, optimal three-burn transfer (multirevolu-
tion), and optimal two-burn insertion (multirevolution), all
using finite, fixed thrust. Canonical units are used exclusively.
For the transfer problems, the initial orbit radius is one dis-
tance unit, and the initial orbit period is 2?r Oi = 1). For the
insertion problem, units are similarly normalized to the final
orbit.

The two-burn transfer problem is the finite-thrust analogy
to the impulsive Hohmann transfer. Figure 4 depicts the opti-
mal trajectory for this circle-to-circle time-open transfer.
Figure 5 shows the optimal thrust pointing angle (the angle u{
of Fig. 2) over each of the burns. The trajectory was assumed
to consist of two thrust arcs separated by a coast arc. Each
thrust arc was divided into 12 segments, resulting in a total of
26 nodes/The NLP state vector contained 158 elements [26
nodes x (5 states + 1 control) + 2 thrust arc durations]. The
only constraints were the defects (5 x 24) and the generalized
defects (4 x 1), resulting in a constraint vector dimension 124.
The circular terminal orbit conditions can be specified as sim-
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Fig. 5 Thrust angle for optimal two-burn transfer.

R = 3
init thrust/mass = 0.1
exhaust velocity = 1.5
total detta-v = 0.3995
time of flight = 19.45

apoapse
thrust-arc

Fig. 6 Trajectory for optimal three-burn transfer.

pie bounds on the state variables and are not considered con-
straints, per se, by the NLP routine.

The three-burn transfer problem is similar to the two-burn
problem, except that two burns must take place at periapse,
with a complete-revolution coast arc between them. Figure 6
depicts the optimal trajectory for this solution. The trajectory
was assumed to consist of three thrust arcs separated by two
coast arcs. Each thrust arc was represented by 10 segments,
resulting in a NLP problem size of 201 states and 158 con-
straints. The optimal cost is less than that of the two-burn solu-
tion, as expected; however, both are local time-open optima.

The two-burn insertion problem calls for optimal insertion
from a hyperbolic approach trajectory, with specified excess
velocity, into a circular orbit, using one burn for initial cap-
ture and a subsequent burn for circularization. Figure 7
depicts the optimal solution. The assumed arc sequence was
thrust-coast-thrust. Each thrust arc was represented by 10 seg-
ments, resulting in a NLP problem size of 134 states and 106
constraints. The circular-orbit terminal constraints are treated
as simple bounds on the final state vector. The initial hyperbo-
lic trajectory energy was constrained to match the required ex-
cess velocity, but the initial angular momentum (and thus the
aim point) was free. Thus, the approach targeting, the ele-
ments of the intermediate coast ellipse, the thrust arc dura-
tions, and the thrust direction over the burns were all
simultaneously optimized.

This problem was intended to be representative of the inser-
tion of the Mars Observer spacecraft. In fact, the problem was
inspired by an optimization strategy described by Parvez and

hyp. excess vei. = 0.723
init thrust/mass = 0.1603
exhaust velocity = 0.9347
total delta-v = 0.6122
time of flight = 46.75

intermediate
coast ellipse
a = 3.733
e = 0.725

approach
hyperbola
a = -1.91
e - 1.55

Fig. 7 Trajectory for optimal two-burn insertion.

Holman,18 in which the optimal thrust direction was assumed
to be opposite the velocity vector, and the terminal boundary
conditions were met by iterative adjustment of the initial
conditions.

Many other problems have been solved, including circle-to-
circle transfers with more than three burns, circle-to-circle
rendezvous problems, fixed acceleration problems, and
variants of the Mars Observer problem with different con-
straints on the intermediate coast ellipse. An interesting
feature of the rendezvous problems is that the coast arc times
must be calculated from the forward Kepler equation and ap-
propriately constrained.

Performance
During development, the method was tested against known

solutions where possible. Finite-thrust, circle-to-circle transfer
results were compared to results from a program19 based on
the Redding-Breakwell7 approach. For the circle-to-circle
cases presented earlier, the optimal costs (Ai>) matched to six
decimal places.

The best indication of solution accuracy was obtained by ex-
ploiting the relationship between the costate variables of the
Euler-Lagrange equations for the continuous optimal control
problem and the discrete Lagrange multipliers at the solution
of the nonlinear programming problem. The authors show
elsewhere20 that the Lagrange multipliers corresponding to the
defects provide a discrete approximation to the continuous
problem costates. The costate information was used to verify
that the Euler-Lagrange equations were indeed satisfied by the
discrete-approximated solution. This process is described in
detail in Ref. 20.

The DCNLP method is remarkably robust to initial guesses,
a feature pointed out by Margraves and Paris.14 (Dickmanns
and Well9 also reported such robustness for their collocation
method applied to the indirect TPBVP.) We have used very
poor and sometimes physically unreasonable initial guesses of the
solution, yet the optimizer converges to the optimal trajectory.

Perhaps the method's strongest feature is its adaptability.
Constraints of almost any type can be added in a very straight-
forward fashion. An example was the addition of a constraint
on the semimajor axis of the intermediate coast ellipse for the
Mars Observer problem. This was accomplished simply by the
addition of a few lines of code.

Execution times on the Cray X-MP/48 were very brief: 2.5 s
for the two-burn transfer, 10.7 s for the three-burn transfer,
and 3.6 s for the Mars Observer two-burn insertion. Execution
times on a Convex C220 were longer by a factor of 5.
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Current and Future Work
Current research involves application of the DCNLP meth-

od to low-thrust trajectories in Earth-Moon space. These
problems involve many revolutions, and no integrable coast
arcs, requiring many segments and resulting in fairly large
nonlinear programming problems. We would like to improve
the efficiency of the solution of these larger problems. An area
of particular interest is the banded structure of the constraint
Jacobian, which is due to the local nature of the collocation
method. (Variations of the states at a given node affect only
the defects of the adjacent segments.) Margraves and Paris14

recognized this sparsity and avoided the (unnecessary) calcula-
tion of the null entries by their finite-difference derivative rou-
tine. However, the aspect more critical to us is the possible ex-
ploitation of this structure by the NLP routine. (Kraft15 also
mentions the need for such a routine.) SQP routines that are
tailored to handle sparse problems are being investigated.21'22

Other NLP routines that are designed to handle large, sparse
problems23'24 are also being considered.

Conclusions
A new direct optimization method has been adapted for the

optimization of finite-thrust spacecraft trajectories. The meth-
od has been improved by the introduction of generalized de-
fects that allow known solutions for pieces of the optimal tra-
jectory, e.g., coast arcs, to be used directly rather than solved
for numerically, reducing the size of some problems signifi-
cantly. The method was used to solve several problems, inclu-
ding multiple-finite-burn transfer, rendezvous, and insertion.
The method appears to be considerably more powerful and
robust than other optimization methods.
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